Solving Differential Equations
Difficulty: Medium

Model Answers 2

Time allowed: 47 minutes
Score: /39
Percentage: /100
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Question 1

A population growth is modelled by the differential equation

dpP

=kP,
dt

where P is the population, ¢ is the time measured in days and £ is a positive constant.
Given that the initial population is P,

(a) solve the differential equation, giving P in terms of Py, k and ¢.

“4)

Z—f:kp, whent = 0,P = P,

Rearrange by separating the variables,

dp—jkdt
fP_

InP=kt+c
Plug in the known values
InPy, =k(0)+c
So we can say:
InP=kt+InP,

Rearrange this for P using log rules

InpP kt+in Py _ ekteln Py

e =e

Hence P = Pye*t
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Given also that k= 2.5,

(b) find the time taken, to the nearest minute, for the population to reach 2P,.

(&)

Here we plug in the given values and rearrange for t
(2Py) = Pye*>*
2 = eZ.St
In2 = In(e?°) = 2.5t

Hence

1
t—rslnz =0.277 days

In minutes thisis 0.277 X 24 X 60 = 399 minutes
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In an improved model the differential equation is given as

dP_ APcos At
dr

where P is the population, 7 is the time measured in days and A is a positive constant.
Given, again, that the initial population is P, and that time is measured in days,

(C) solve the second differential equation, giving P in terms of Py, A and .
“)

Similar to part a we must rearrange this and then integrate.

dP—/l dt cos A
f?— f cos At

A
InP = zsin/lt +c=sinAt+c

Plug in the known values—
InP, = sin(0) + ¢
Hence
InP=sinit+InP,
Rearrange for P using exponentials
InpP sin At+In Py — 6,sin Ateln Py

e =e

Therefore P = Pyesin 4t
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Given also that A= 2.5,

(d) find the time taken, to the nearest minute, for the population to reach 2P, for the first
time, using the improved model.

3
We now do the same as before with the improved model.
P =2P,,A=25
2P, = Pyesin 25t
eSin25t — o
Use logarithms to rearrange for t—
Sin 2.5t — 12

Ine

sin25t=1In?2

t = %sin"1 (In2) = 0.306 ... days

t =0.306...xX 24 X 60 = 441 minutes.

(Total 14 marks)
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Question 2

(a) Express in partial fractions. 3)

5
(x-1)(3x+2)

5 A B
(x—DBx+D_x—1+3x+2

let

_ A(Bx+2)+B(x-1)
T (x-1)(3x+2)

=>ABx+2)+B(x—1)=5

Using elimination:

x =1 gives:
AB+2)+B(1—-1)=5
5A=5
A=1

x = -3/2 gives:

1(—§+2)+B(—§—1)=5

—-——-ZB=5
2 2
B_15
2 2
B=-3
5 1 3

5> =
(x—1)(3x+2) x—1  3x+2
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(b) Hence find , Where x > 1. (3)

_‘- x —1)23x R

5 1 3 .
f—(x_l)(3x+2) dx = fledx - fmdx =. Using part a)

=In|lx—1|—-In|3x+2|+C where C is constant of integration

(c) Find the particular solution of the differential equation

(x—l)(3x+2)%zx=5y, x>1,

for which y = 8 at x =2 . Give your answer in the form y = f (x). (6)

G-DGr+P =5
X X dx = y

Using the techniques of separation of variables, dividing LHS by y and RHS by (x-

1)(3x+2)

1 5
f§dy - f(x—l)(3x+2) dx

Integrating on each side gives

In|y| =In |%| + In(k) where k is constant of integration
_ k&x=1
3x+2
g — g using (2,8)
_ 641 (Total 12 marks)

3x+2
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Question 3

2
P(P - 2)

(a) Express in partial fractions.

A team of biologists is studying a population of a particular species of animal.

The population is modelled by the differential equation

d2_ 1 pp_9ycos2t, 120
de 2
where P is the population in thousands, and ¢ is the time measured in years since the start
of the study.
Given that P=3 when ¢ = 0, 3)

2
P(P —2)

Express as a sum of fractions over the denominators

2 __A, B
P(P—2) P P-2

Multiply both sides by P(P — 2)

5 _AP)(P—-2) B(P)(P—2)
- P L
2=A(P-2)+B(P)

Set P = 0 to eliminate B
2 =A4((0) —2) + B(0)
= —2A

Divide both sides by —2
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Set P = 2 to eliminate A

2=4((2)-2)+B(2)
Divide both sides by 2

Substitute these back into the original equation

A B
P

-4y
P-2

P(P-2)

2 1+ 11 1
PplP-2) P P-2 P-2 P

(b) solve this differential equation to show that

_ 6
p= 3 e%sinZt (7)

1
dP/dt = EP(P —2) cos 2t

Separate the variables and integrate both sides for

2
——dP = 2t dt
fP(P -2) f“’s

. 2 1
Substitute = —

1 from a), into the first integral
P(P-2) P-2 P’ 2 irstinteg

_[TZ_F dP = jCOStht

1 1
f dx = —Inlax + b|
ax+b a

fcos ax dx = —sinax
a
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1
ap/ . = 5P(P=2)cos2t

Separate the variables and integrate both sides for

2
fmdp—fCOSZt dt

. 2 1
Substitute PP Pz

1 . L
L from a), into the first integral

f ! 1alP—f 2t dt
P2 P = | cos

1 1
f dx = —Inlax + b|
ax+b a

1
fcos ax dx = —sinax
a

remembering the +C

1
In|P — 2| — In|P| = EsinZt +C
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1"

(c) find the time taken for the population to reach 4000 for the first time.
Give your answer in years to 3 significant figures. Q)

P=4

Substitute this into In

3x(P-2 1, . . o .
%)| = >sin 2t , found in the previous part, as it is the easiest

equation to find t from

3X((4)—2 1
In %‘zzsin%
1 6—1 in2t
nz—zsm

Multiply both sides by 2

in2t =21 °
sin2t = 2In7

3

6 . .
255 and do sin~! on both sides

3
2t =sin"1(2In=
Sin ( 1’12>

Divide both sides by 2

t—l in~1(21 ’
—ZSIH nz

Calculate the answer, making sure the calculator is in radians

t=10.47287 ...

(Total 13 marks)
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