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A population growth is modelled by the differential equation

Given that the initial population is P0,

(a) solve the differential equation, giving P in terms of P0, k and t.
(4)

dt

where P is the population, t is the time measured in days and k is a positive constant.

dP = kP ,

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑘𝑘𝑘𝑘, when 𝑡𝑡 = 0,𝑃𝑃 = 𝑃𝑃0

Rearrange by separating the variables, 

�
𝑑𝑑𝑑𝑑
𝑃𝑃

= �𝑘𝑘 𝑑𝑑𝑑𝑑

𝑙𝑙𝑙𝑙 𝑃𝑃 = 𝑘𝑘𝑘𝑘 + 𝑐𝑐

Plug in the known values 

𝑙𝑙𝑙𝑙 𝑃𝑃0 = 𝑘𝑘 0 + 𝑐𝑐

So we can say:

𝑙𝑙𝑙𝑙 𝑃𝑃 = 𝑘𝑘𝑘𝑘 + 𝑙𝑙𝑙𝑙 𝑃𝑃0

Rearrange this for P using log rules

𝑒𝑒𝑙𝑙𝑙𝑙 𝑃𝑃 = 𝑒𝑒𝑘𝑘𝑘𝑘+𝑙𝑙𝑙𝑙 𝑃𝑃0 = 𝑒𝑒𝑘𝑘𝑘𝑘𝑒𝑒𝑙𝑙𝑙𝑙 𝑃𝑃0

Hence 𝑷𝑷 = 𝑷𝑷𝟎𝟎𝒆𝒆𝒌𝒌𝒌𝒌

Question 1
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Given also that k = 2.5,

(b) find the time taken, to the nearest minute, for the population to reach 2P0.
(3)

Here we plug in the given values and rearrange for t

2𝑃𝑃0 = 𝑃𝑃0𝑒𝑒2.5𝑡𝑡

2 = 𝑒𝑒2.5𝑡𝑡

𝑙𝑙𝑙𝑙 2 = 𝑙𝑙𝑙𝑙(𝑒𝑒2.5𝑡𝑡) = 2.5𝑡𝑡

Hence 

𝒕𝒕 =
𝟏𝟏
𝟐𝟐.𝟓𝟓

𝒍𝒍𝒍𝒍𝟐𝟐 = 𝟎𝟎.𝟐𝟐𝟐𝟐𝟐𝟐 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅

In minutes this is 0.𝟐𝟐𝟐𝟐𝟐𝟐 × 𝟐𝟐𝟐𝟐 × 𝟔𝟔𝟔𝟔 = 𝟑𝟑𝟑𝟑𝟑𝟑𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎
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dt
dP = λPcosλt ,

where P is the population, t is the time measured in days and λ is a positive constant.

Given, again, that the initial population is P0  and that time is measured in days,

(c)solve the second differential equation, giving P in terms of P0, λ and t.
(4)

In an improved model the differential equation is given as

Similar to part a we must rearrange this and then integrate.

�
𝑑𝑑𝑑𝑑
𝑃𝑃

= 𝜆𝜆�𝑑𝑑𝑑𝑑 𝑐𝑐𝑐𝑐𝑐𝑐 𝜆𝜆𝜆𝜆

𝑙𝑙𝑙𝑙 𝑃𝑃 =
𝜆𝜆
𝜆𝜆
𝑠𝑠𝑠𝑠𝑠𝑠 𝜆𝜆𝜆𝜆 + 𝑐𝑐 = 𝑠𝑠𝑠𝑠𝑠𝑠 𝜆𝜆𝜆𝜆 + 𝑐𝑐

Plug in the known values→

𝑙𝑙𝑙𝑙𝑃𝑃0 = 𝑠𝑠𝑠𝑠𝑠𝑠 0 + 𝑐𝑐

Hence 

𝑙𝑙𝑙𝑙 𝑃𝑃 = 𝑠𝑠𝑠𝑠𝑠𝑠 𝜆𝜆𝜆𝜆 + 𝑙𝑙𝑙𝑙 𝑃𝑃0

Rearrange for P using exponentials

𝑒𝑒𝑙𝑙𝑙𝑙 𝑃𝑃 = 𝑒𝑒𝑠𝑠𝑠𝑠𝑠𝑠 𝜆𝜆𝜆𝜆+𝑙𝑙𝑙𝑙 𝑃𝑃0 = 𝑒𝑒𝑠𝑠𝑠𝑠𝑠𝑠 𝜆𝜆𝜆𝜆𝑒𝑒𝑙𝑙𝑙𝑙 𝑃𝑃0

Therefore 𝑷𝑷 = 𝑷𝑷𝟎𝟎𝒆𝒆𝒔𝒔𝒔𝒔𝒔𝒔 𝝀𝝀𝝀𝝀
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(Total 14 marks)

Given also that λ = 2.5,

(d) find the time taken, to the nearest minute, for the population to reach 2P0 for the first  
time, using the improved model.

(3)

We now do the same as before with the improved model.

𝑃𝑃 = 2𝑃𝑃0, 𝜆𝜆 = 2.5

2𝑃𝑃0 = 𝑃𝑃0𝑒𝑒𝑠𝑠𝑠𝑠𝑠𝑠 2.5𝑡𝑡

𝑒𝑒𝑠𝑠𝑠𝑠𝑠𝑠 2.5𝑡𝑡 = 2

Use logarithms to rearrange for t→

𝑙𝑙𝑙𝑙 𝑒𝑒𝑠𝑠𝑠𝑠𝑠𝑠 2.5𝑡𝑡 = 𝑙𝑙𝑙𝑙2

𝑠𝑠𝑠𝑠𝑠𝑠 2.5𝑡𝑡 = 𝑙𝑙𝑙𝑙 2

𝑡𝑡 = 1
2.5
𝑠𝑠𝑠𝑠𝑠𝑠−1 (𝑙𝑙𝑙𝑙 2) = 0.306 … days

𝑡𝑡 = 0.306 … × 24 × 60 = 𝟒𝟒𝟒𝟒𝟒𝟒 minutes.
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(x −1)(3x + 2)
(a) Express 5 in partial fractions. (3)

𝑙𝑙𝑙𝑙𝑙𝑙
5

𝑥𝑥 − 1 3𝑥𝑥 + 2
=

𝐴𝐴
𝑥𝑥 − 1

+
𝐵𝐵

3𝑥𝑥 + 2

= 𝐴𝐴 3𝑥𝑥+2 +𝐵𝐵 𝑥𝑥−1
𝑥𝑥−1 3𝑥𝑥+2

⇒ A 3𝑥𝑥 + 2 + B 𝑥𝑥 − 1 = 5

Using elimination:

x = 1 gives:

A 3 + 2 + B 1 − 1 = 5

5A = 5

A = 1

x = -3/2 gives:

1 − 9
2

+ 2 + B −3
2
− 1 = 5

−
5
2
−

5
2

B = 5

−
5
2

B =
15
2

𝐁𝐁 = −𝟑𝟑

⇒ 𝟓𝟓
𝒙𝒙−𝟏𝟏 𝟑𝟑𝟑𝟑+𝟐𝟐

= 𝟏𝟏
𝒙𝒙−𝟏𝟏

− 𝟑𝟑
𝟑𝟑𝟑𝟑+𝟐𝟐

Question 2

http://www.savemyexams.co.uk/
http://www.savemyexams.co.uk/


Head to savemyexams.co.uk for more awesome resources

Model answers are copyright. © 2019 Save My Exams Ltd. All rights reserved.7

( )( )∫ x −1 3x + 2
(b) Hence find 5 dx , where x >1. (3)

(c) Find the particular solution of the differential equation

dx
x>1,(x −1)(3x + 2) dy = 5y,

for which y = 8 at x = 2 . Give your answer in the form y = f (x) . (6)

(Total 12 marks)

∫ 5
𝑥𝑥−1 3𝑥𝑥+2

𝑑𝑑𝑑𝑑 = ∫ 1
𝑥𝑥−1

𝑑𝑑𝑑𝑑 − ∫ 3
3𝑥𝑥+2

𝑑𝑑𝑑𝑑 =. Using part a)

= 𝒍𝒍𝒍𝒍 𝒙𝒙 − 𝟏𝟏 − 𝒍𝒍𝒍𝒍 𝟑𝟑𝟑𝟑+ 𝟐𝟐 + 𝑪𝑪 where 𝐶𝐶 is constant of integration

𝑥𝑥 − 1 3𝑥𝑥 + 2
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 5𝑦𝑦

Using the techniques of separation of variables, dividing LHS by y and RHS by (x-

1)(3x+2)

∫ 1
𝑦𝑦

dy = ∫ 5
𝑥𝑥−1 3𝑥𝑥+2

dx

Integrating on each side gives

ln 𝑦𝑦 = ln 𝑥𝑥−1
3𝑥𝑥+2

+ ln 𝑘𝑘 where 𝑘𝑘 is constant of integration

𝑦𝑦 = 𝑘𝑘 𝑥𝑥−1
3𝑥𝑥+2

8 = 𝑘𝑘
8

using 2,8

𝒚𝒚 = 𝟔𝟔𝟔𝟔 𝒙𝒙−𝟏𝟏
𝟑𝟑𝟑𝟑+𝟐𝟐
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(a) Express 2 in partial fractions.
P(P − 2)

A team of biologists is studying a population of a particular species of animal.  

The population is modelled by the differential equation

dP = 1 P(P − 2) cos 2t , t ≥0
dt 2

where P is the population in thousands, and t is the time measured in years since the start  
of the study.

2
𝑃𝑃(𝑃𝑃 − 2)

Express as a sum of fractions over the denominators

2
𝑃𝑃(𝑃𝑃 − 2)

=
𝐴𝐴
𝑃𝑃

+
𝐵𝐵

𝑃𝑃 − 2

Multiply both sides by 𝑃𝑃(𝑃𝑃 − 2)

2 =
𝐴𝐴(𝑃𝑃) 𝑃𝑃 − 2

𝑃𝑃
+
𝐵𝐵(𝑃𝑃) 𝑃𝑃 − 2

𝑃𝑃 − 2
2 ≡ 𝐴𝐴 𝑃𝑃 − 2 + 𝐵𝐵(𝑃𝑃)

Set 𝑃𝑃 = 0 to eliminate 𝐵𝐵

2 ≡ 𝐴𝐴 0 − 2 + 𝐵𝐵(0)

2 ≡ −2𝐴𝐴

Divide both sides by −2

𝑨𝑨 = −𝟏𝟏

(3)Given that P = 3 when t = 0,

Question 3
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Set 𝑃𝑃 = 2 to eliminate A

2 ≡ 𝐴𝐴 2 − 2 + 𝐵𝐵(2)

2 ≡ 2𝐵𝐵

Divide both sides by 2

𝑩𝑩 = 𝟏𝟏

Substitute these back into the original equation

2
𝑃𝑃(𝑃𝑃 − 2)

=
𝐴𝐴
𝑃𝑃

+
𝐵𝐵

𝑃𝑃 − 2

𝟐𝟐
𝑷𝑷(𝑷𝑷 − 𝟐𝟐)

= −
𝟏𝟏
𝑷𝑷

+
𝟏𝟏

𝑷𝑷 − 𝟐𝟐
=

𝟏𝟏
𝑷𝑷 − 𝟐𝟐

−
𝟏𝟏
𝑷𝑷

(b) solve this differential equation to show that

P = 6
1
23 − e sin2t

(7)

�𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 =

1
2
𝑃𝑃 𝑃𝑃 − 2 cos2𝑡𝑡

Separate the variables and integrate both sides for

�
2

𝑃𝑃 𝑃𝑃 − 2
𝑑𝑑𝑑𝑑 = � cos2𝑡𝑡 𝑑𝑑𝑑𝑑

Substitute 𝟐𝟐
𝑷𝑷(𝑷𝑷−𝟐𝟐)

= 𝟏𝟏
𝑷𝑷−𝟐𝟐

− 𝟏𝟏
𝑷𝑷

, from a), into the first integral

�
1

𝑃𝑃 − 2
−

1
𝑃𝑃

𝑑𝑑𝑑𝑑 = � cos2𝑡𝑡 𝑑𝑑𝑑𝑑

�
1

𝑎𝑎𝑎𝑎 + 𝑏𝑏
𝑑𝑑𝑑𝑑 =

1
𝑎𝑎
𝑙𝑙𝑙𝑙 𝑎𝑎𝑎𝑎 + 𝑏𝑏

� cos𝑎𝑎𝑎𝑎 𝑑𝑑𝑑𝑑 =
1
𝑎𝑎

sin𝑎𝑎𝑎𝑎
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�𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 =

1
2
𝑃𝑃 𝑃𝑃 − 2 cos2𝑡𝑡

Separate the variables and integrate both sides for

�
2

𝑃𝑃 𝑃𝑃 − 2
𝑑𝑑𝑑𝑑 = � cos2𝑡𝑡 𝑑𝑑𝑑𝑑

Substitute 𝟐𝟐
𝑷𝑷(𝑷𝑷−𝟐𝟐)

= 𝟏𝟏
𝑷𝑷−𝟐𝟐

− 𝟏𝟏
𝑷𝑷

, from a), into the first integral

�
1

𝑃𝑃 − 2
−

1
𝑃𝑃

𝑑𝑑𝑑𝑑 = � cos2𝑡𝑡 𝑑𝑑𝑑𝑑

�
1

𝑎𝑎𝑎𝑎 + 𝑏𝑏
𝑑𝑑𝑑𝑑 =

1
𝑎𝑎
𝑙𝑙𝑙𝑙 𝑎𝑎𝑎𝑎 + 𝑏𝑏

� cos𝑎𝑎𝑎𝑎 𝑑𝑑𝑑𝑑 =
1
𝑎𝑎

sin 𝑎𝑎𝑎𝑎

remembering the +𝐶𝐶

ln 𝑃𝑃 − 2 − ln 𝑃𝑃 =
1
2

sin2𝑡𝑡 + 𝐶𝐶
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(c) find the time taken for the population to reach 4000 for the first time.  
Give your answer in years to 3 significant figures.

(Total 13 marks)

(3)

𝑃𝑃 = 4

Substitute this into ln 3×(𝑃𝑃−2)
𝑃𝑃

= 1
2

sin 2𝑡𝑡 , found in the previous part, as it is the easiest 
equation to find 𝑡𝑡 from

ln
3 × ((4) − 2)

(4)
=

1
2

sin2𝑡𝑡

𝐥𝐥𝐥𝐥
𝟔𝟔
𝟒𝟒

=
𝟏𝟏
𝟐𝟐
𝐬𝐬𝐬𝐬𝐬𝐬𝟐𝟐𝟐𝟐

Multiply both sides by 2

sin2𝑡𝑡 = 2 ln
6
4

6
4

= 3
2

, and do sin−1 on both sides

2𝑡𝑡 = sin−1 2 ln
3
2

Divide both sides by 2

𝑡𝑡 =
1
2

sin−1 2 ln
3
2

Calculate the answer, making sure the calculator is in radians

𝒕𝒕 = 𝟎𝟎.𝟒𝟒𝟒𝟒𝟒𝟒𝟒𝟒𝟒𝟒…

http://www.savemyexams.co.uk/
http://www.savemyexams.co.uk/

	Slide Number 1
	Slide Number 2
	Slide Number 3
	Slide Number 4
	Slide Number 5
	Slide Number 6
	Slide Number 7
	Slide Number 8
	Slide Number 9
	Slide Number 10
	Slide Number 11

